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Finite-size effects in the microscopic structure of a hard-sphere fluid
in a narrow cylindrical pore
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We examine the microscopic structure of a hard-sphere fluid confined to a small cylindrical pore by
means of Monte Carlo simulation. In order to analyze finite-size effects, the simulations are carried
out in the framework of different statistical mechanics ensembles. We find that the size effects are
specially relevant in the canonical ensemble where noticeable differences are found with the results
in the grand canonical ensemble �GCE� and the isothermal isobaric ensemble �IIE� which, in most
situations, remain very close to the infinite system results. A customary series expansion in terms of
fluctuations of either the number of particles �GCE� or the inverse volume �IIE� allows us to connect
with the results of the canonical ensemble. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2187487�
I. INTRODUCTION

Many recent advances in the understanding and control
of materials come from the increasing ability to carry out
manipulations at the molecular level. The rapid development
of the science and technology of nanomaterials requires a
deep understanding of the properties of small systems such
as molecular size pores and nanotubes, thus becoming a sub-
ject of fundamental importance for physics and chemistry.1

In this context, the study of fluids confined to simple geom-
etries has been an object of great interest in the last few years
because of the appearance of novel practical applications.
Materials such as zeolites or porous glasses act as hosts for
the molecules of a fluid absorbed in the pores of the confin-
ing solid material. The properties of the confined fluid and
sometimes those of the host material can be altered in this
process, becoming significantly different from the bulk.2 For
instance, the structure of confined freezed water has been
recently shown to strongly depend on the confining
geometry.3,4

Apart from their practical applications, strongly confined
fluids have become the subject of a great deal of theoretical
studies. An important theoretical aspect appears when the
system consists of a very reduced number of particles, i.e.,
when one is dealing with a small system. In this case the
statistical mechanics ensembles are no longer equivalent5–9

and care must be taken in order to perform a correct study of
the system. The statistical mechanics description of an equi-
librium system with N particles in a volume V at temperature
T is appropriately made in the framework of the canonical
ensemble �CE�. It is well known that for large systems, an
equivalent description can be made in the grand canonical
ensemble �GCE� or even in the isothermal isobaric ensemble
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�IIE�. In the GCE the number of particles is allowed to fluc-
tuate due to particle exchange with an external reservoir
characterized by a chemical potential �. Analogously, in the
IIE the volume fluctuates because the system is subjected to
a fixed external pressure P. These fluctuations either in N
�GCE� or in V �IIE� are crucial in the study of systems with
a very small number of particles where their influence can
even modify the microscopic equilibrium structure of the
system.5–9 It is thus clear that the external conditions acting
on a small system must be taken into account in order to
determine the ensemble required for its statistical mechanics
study. A basic tool for this study is Monte Carlo �MC� simu-
lation which can be formulated in the different ensembles
with similar computational effort.10 In many situations the
ensemble choice in a MC simulation is motivated by the
above-mentioned external conditions for the system. In other
cases, however, this election is not possible and one is
obliged to work in a certain ensemble due to problems with
statistical accuracy in another �perhaps more appropriate� en-
semble. This is the case for classical fluids in the GCE at
very high packings where the probability of particle ex-
change with the reservoir becomes close to zero and one
needs very large simulation runs for obtaining results with
good statistics. In this situation working with a fixed number
of particles can be very useful and one can consider either
the CE or the IIE.10–12 In particular, an IIE approach for a
small system is appealing due to the appearance of volume
fluctuations. In this work we will see how under certain cir-
cumstances this ensemble yields results that are equivalent to
those of the GCE. This fact can be of relevance in MC simu-
lations where sometimes the GCE may present technical
difficulties.10 As an aside we note that the IIE presents cer-

tain theoretical advantages in the study of one-dimensional
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systems13,14 that can be also of interest for fluids confined in
very narrow cylindrical pores,15,16 specially in the extreme
situation of single-file systems.17,18

The goal of this paper is to study the explicit finite-size
effects that arise in the structure of a hard-sphere fluid con-
fined to a narrow cylindrical pore due to the choice of a
particular statistical mechanics ensemble. To this end, the
paper is structured as follows. Section II presents the model
system considered in this work with the details of the MC
simulations in the different ensembles. In Sec. III we present
our results for the density profile of the fluid. We link the
results in the different ensembles by means of a series ex-
pansion in terms of fluctuations. In Sec. IV we consider an
averaged two-body distribution function that yields informa-
tion on the structure of the fluid along the axis of the cylin-
der. We conclude with a summary of the main results of the
present work.

II. MODEL AND SIMULATION

Our system consists of a fluid of hard spheres of diam-
eter � confined to a hard cylindrical pore of diameter �c, i.e.,
the fluid is subjected to the following external potential:

Vext�r� = �0, r �
1
2 ��c − ��

� , r �
1
2 ��c − �� � , �1�

where the radial coordinate r denotes the distance to the axis
of the cylinder. We note that this expression for the external
potential implies that the maximum distance from the axis to
the center of the hard sphere is 1

2 ��c−��. To avoid border
effects in the extremes of the cylindrical pore we consider
the usual periodic boundary conditions. Also, because the
external potential depends only on r, the density profile of
the confined fluid must exhibit the same cylindrical symme-
try. A sketch of the system is presented in Fig. 1.

In the present study we shall consider simulations in
three different statistical mechanics ensembles, namely, the
canonical ensemble, the grand canonical ensemble, and the
isothermal isobaric ensemble, and thus we need different ad-
ditional variables to define the system. In particular, in the
CE we will consider a system with N spheres in a cylinder of
fixed length L. This length is also fixed in the GCE but the

FIG. 1. Hard-sphere fluid in a narrow cylindrical pore.
number of particles fluctuates and we choose a chemical po-
tential such that the average number of particles in the GCE
�N�GCE is equal to N and thus both systems have equal mean
density. In order to have the same mean density also in the
IIE, we consider an external pressure that yields an average
inverse length �L−1�IIE equal to L−1 while N remains fixed
�note that now �¯�IIE indicates an average in the IIE�.

The Monte Carlo simulations in the considered en-
sembles differ by the types of events allowed to occur in a
simulation run �see, e.g., Ref. 10 for details�. We note that
the simulation procedures described below are adapted to a
hard-particle system. In the CE simulation we only consider
particle-move events: A randomly selected particle is given a
random displacement. The move is accepted if the new par-
ticle position does not imply an overlap with another particle
or with the cylinder walls, otherwise the old configuration is
kept. In addition to this event, in the GCE we also consider a
particle-insertion �removal� event in which with equal prob-
ability one tries to perform either the insertion or the removal
of a particle from the system. A removal attempt is accepted
with probability

acc�N → N − 1� = min	1,
N

CV

 , �2�

where C is a quantity related to the chemical potential, and V
is the volume in the pore accessible to the center of a par-
ticle, i.e., V=���c−��2L /4. Analogously, an insertion at-
tempt is accepted with probability

acc�N → N + 1� = min	1,
CV

N + 1

 . �3�

In this case, a newly created particle is located at a random
position inside the pore. The insertion attempt is rejected if
the new particle overlaps any of the other particles. Note that
from a practical viewpoint, we can simulate a system with a
given average number of particles by choosing an appropri-
ate value of C.

In the IIE, instead of the insertion �removal� event, we
consider a volume-change event. Since the external potential
determines a fixed circular cross section for the cylindrical
pore with area A=���c−��2 /4, the only allowed volume
changes are those due to the variation of the length L of the
system. In a volume-change attempt, a new length L� is pro-
posed, and accepted with probability

acc�L → L�� = min	1,�L�

L
�N

e−�PA�L�−L�
 , �4�

where �=1/kBT is the inverse temperature and P is the ex-
ternal pressure. The volume change implies a scaling of the
position of the particles along the axis of the cylinder; if this
scaling leads to a particle overlap the volume-change attempt
is rejected. Finally we note that the maximum allowed length
increment in a volume-change attempt ��Lmax� is chosen so
that the overall acceptance ratio is about 30% of all attempts
to perform a volume change. The same ratio is considered
for the particle displacements.

While in the GCE simulation a Monte Carlo step �MCS�
consists of selecting at random either a particle displacement

or a particle insertion �removal�, in the IIE one chooses a
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displacement or a volume change with probabilities N / �N
+1� and 1/ �N+1�, respectively, for each MCS. Of course, in
the CE every MCS is a particle displacement. In a typical
simulation run we first equilibrate the system during N
	108 MCs without performing measurements. Then we con-
sider the same number of MCs in which we sample the av-
erages of the quantities of interest every N MCs.

In the following two sections we present the results of
our simulations. We first consider the density profile of the
confined fluid, which, as mentioned above, exhibits the same
cylindrical symmetry as the external potential and thus rep-
resents the radial structure of the system. Along the axis the
density is homogeneous and we will consider an averaged
two-body distribution function to show the important corre-
lations that arise in the system, specially for very small cyl-
inder diameters.

III. DENSITY PROFILES

The one-body distribution function or density profile

�r� of an inhomogeneous fluid is defined as the ensemble
average of the microscopic density,


̂�r� = �
i=1

N

��ri − r� . �5�

This implies that for any statistical mechanics ensemble, the
density profile 
�r���
̂�r�� of a fluid can be obtained by
dividing the total volume in small subvolumes ��r� and mea-
suring the probability of having a particle in each ��r�. For a
fluid confined in a cylindrical pore the profile is obtained by
dividing the pore into concentric cylindrical shells, sampling
the number of particles in each shell, and dividing by the
volume of the shell.

In what follows we present the density profiles for the
different statistical ensembles considered in this work, with
the aim of investigating the finite-size effects that arise in the
confined small system. For convenience we first start with
the GCE which can be easily shown to yield results very
close to those of an infinite system. We then compare with
the CE and establish a link between both ensembles using a
series expansion in terms of fluctuations in the number of
particles �a well-known procedure�. Finally we consider the
IIE and connect with the other ensembles.

A. Grand canonical ensemble

It is not difficult to realize that our results for the GCE
should be very close to those of an equivalent system in the
thermodynamic limit. This equivalent infinite system must
also be subjected to the external potential �1�, and thus it
becomes a fluid of N�→� particles confined to a cylindrical
pore of length L�→� with finite mean density 
m�N� /V�,
where V�=AL� is the volume available to the centers of the
particles. In contrast, the corresponding small system in the
GCE is a fluid with an average number of particles �N� in a
volume V=AL such that �N� /V=
m. The density profile for
such system should differ very little from that of a fragment
of length L of the infinite system which, given the cylindrical

symmetry of the problem, exhibits the same profile as the
infinite system itself. The main source of differences between
the fragment and the small system comes from the periodic
boundary conditions considered in the latter. However, the
effect of the periodic boundary conditions is known to be
negligible except for very special situations,19 and thus we
conclude by stating that in most situations the GCE profile is
�almost� the same as that of an equivalent infinite system.

A very simple test supporting this statement can be made
by comparing the profiles for systems with equal external
potential, the same mean density 
m, and different lengths,
e.g., L ,2L ,3L , . . .. If this statement is true, the density pro-
files must be equal. This test has been made for several situ-
ations and we have found appreciable differences only for
cases with very small number of particles and very high
packings, with an average number of particles very close to
the maximum number that the cavity can hold. This special
situation is depicted in Fig. 2 where we consider a pore with
diameter �c=1.5� and different lengths with the same mean
density. In particular, we consider L=12�, 24�, and 36�
with �N�=11, 22, and 33, respectively. As one can observe
only the case with L=12� and �N�=11 presents appreciable
differences with the other cases. It should be remarked that
this pore only can hold a maximum of 12 particles and we
consider an average number of particles �N�=11. If we con-
sider lower packings with the same diameter and lengths, for
instance, systems with �N�=10, 20, and 30 �not shown�, we
do not obtain any appreciable difference among the three
profiles. A possible explanation for the differences observed
in the pore with 11 particles is based on the fact that the free
volume for this system is very small, thus decreasing the
probability of particle exchange with the external reservoir.
This also implies that, in this case, the GCE result is very
close to the CE one �see Figs. 3�c� and 4�c��. As the system
size increases �N=22,33, . . . � the total free volume increases
and it becomes more probable to find space enough to ac-
commodate a new particle in the confined system.

B. Canonical ensemble

For very small systems like the ones considered previ-

FIG. 2. Density profiles of hard spheres in a cylindrical pore of diameter
�c=1.5� in the GCE: L=12� and �N�=11 �solid line�, L=24� and �N�
=22 �dashed line�, and L=36� and �N�=33 �dots�.
ously, the CE Monte Carlo simulations give results that are
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clearly different from those of the GCE. Since the latter are
close to the density profile of an infinite cylindrical pore, one
can conclude that it is in the CE where the finite-size effects
play an important role. It is well known that these effects can
be described by means of a series expansion in terms of
fluctuations.6,7,9 In particular, for the GCE density profile,
one has9


GCE�r� = 
CE�r� +
1

2
��N − �N��2�

�2

�N2
CE�r� +
1

6
��N

− �N��3�
�3

�N3
CE�r� + ¯ , �6�

FIG. 3. Density profiles of hard spheres in a cylindrical pore of diameter
�c=1.5� and inverse length �1/L�=1/L=1/12�−1: �a� �N�=N=8, �b� �N�
=N=10, and �c� �N�=N=11. The solid lines are the results of the CE simu-
lations, the dashed lines correspond to GCE data, and the dots to IIE data.
The symbols are the approximate CE results obtained from GCE ��� and
IIE ��� data.
where the chemical potential in the GCE is chosen so that the
mean number of particles �N� is equal to N, the number of
particles in the CE. For a homogeneous system the CE den-
sity 
CE is equal to N /V and thus 
GCE=
CE. However, for
inhomogeneous situations, such as in the present cylindrical
cavity, 
GCE�r� differs from 
CE�r�, although the systems in
both ensembles have the same mean density 
m=N /V
= �N� /V. From expansion �6�, taking into account that the
system volume V is constant, one can write


GCE�r� = 
CE�r� +
1

2N

�2�N�
N


m
2 �2

�
m
2 
CE�r� + O� 1

N2� ,

�7�

where �2�N����N− �N��2� are the fluctuations in the number
of particles in the system in the GCE. We note that in an
infinite uniform system the fluctuations in the number of

FIG. 4. Same caption as in Fig. 3 for the averaged two-body distribution
function.
particles are equal to 
m�N�kBTT where T is the isothermal
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compressibility. In the present inhomogeneous small system,
following Lebowitz and Percus,5 we can still write �2�N�
=
m�N�kBT̄T, where ̄T is certain average compressibility
and thus


GCE�r� = 
CE�r� +
1

2N

m

3 kBT̄T
�2

�
m
2 
CE�r� + O� 1

N2� ,

�8�

or, inverting formally the series, to order O�1/N� one has


CE�r� = 
GCE�r� −
1

V
��
m� , �9�

where

��
m� =
1

2

m

2 kBT̄T
�2

�
m
2 
GCE�r� �10�

is a function which �to order O�1/N�� does not depend on the
size of the system �recall that 
GCE�r� is very close to

��r ,
m� and thus �2
GCE�r� /�
m

2 =�2
��r ,
m� /�
m
2

+O�1/N��. Therefore, the size effects for the density profile
in the canonical ensemble scale with the �inverse� volume of
the system and thus, in our cylindrical pore, with its length L.
Expressions �7�–�10� determine the first-order contribution to
the difference between the CE and GCE profiles. These ex-
pressions involve derivatives of profiles with different mean
numbers of particles. The derivatives can be done numeri-
cally by considering simulations with different �N�. It is
more convenient, however, to rewrite the corrections in
terms of fluctuations which can be measured in a single
simulation run.9 An explicit expression of Eq. �9� in terms of
fluctuations is given in the Appendix �see Eq. �A8��.

In Fig. 3 we consider the density profiles for a pore with
diameter �c=1.5� and length L=12� with N=8, 10, and 11
particles in the canonical ensemble. We compare with pro-
files in the GCE with �N�=8.00, 10.00, and 11.00. We also
consider the results of Eq. �A8�. We observe that the differ-
ences between CE and GCE results decrease with increasing
the number of particles. Also, for N=8 and 10, the differ-
ences are well described by Eq. �A8� while for N=11 the
correction fails. This can be ascribed to the fact that the GCE
density profile for the system with �N�=11.00 differs from its
corresponding infinite system profile �see Fig. 2 and above
comments�. In fact, if we had considered 
GCE in Eq. �A8�
from a system with �N�=22.00, L=24�, and the same exter-
nal potential, we would have obtained the CE profile 
CE for
N=11 with the same degree of accuracy as in the cases N
=8 and 10. Of course this would also work for larger sys-
tems. This means that, with obvious notation and to order
O�1/N�, one can write


CE�r� = 
��r� −
1

V
���
m� . �11�

C. Isothermal isobaric ensemble

The connection between canonical and grand canonical
results presented in the preceding subsection can be extended

to the isothermal isobaric ensemble. Using a method analo-
gous to that of Ref. 9 one can express the IIE density profile

IIE�r���
̂�r��IIE as a series expansion in terms of fluctua-
tions. The expansion is based on the fact that the IIE profile
can be expressed as a volume average of the CE density
profile, i.e.,


IIE�r� = �
0

�

dV��V�
CE�r,V� , �12�

where we have made explicit the V dependence of 
CE, and
��V� is the volume probability density �see Eq. �A2� in the
Appendix�. Expanding 
CE�r ,�� about the mean inverse vol-
ume ��� and taking into account that ��V� is normalized to 1,
we obtain


IIE�r� = 
CE�r� +
1

2
��� − ����2�

�2

��2
CE�r�

+
1

6
��� − ����3�

�3

��3
CE�r� + ¯ , �13�

where now �¯� denotes IIE average and the pressure is cho-
sen so that the mean inverse volume ��� is equal to �, the
inverse volume in the CE, and 
CE�r�=
CE�r , ����. A direct
consequence of expansion �13� is that for a homogeneous
system, 
CE=N /V=N� is equal to 
IIE= �N /V�=N���. Of
course this is due to the fact that the expansion is made about
��� and not about �V�. It is important to remark that this
simply means that we are comparing two systems in different
ensembles so that the inverse volume in the CE, �, is equal to
the mean inverse volume in the IIE, ���, while �V��V. This
choice implies that, in agreement with the homogeneous
case, for an inhomogeneous situation one can define a mean
density in the IIE 
m=N��� so that it is equal to the mean
density in the canonical and the grand canonical ensembles.
Accordingly, we can rewrite �13� in the following form;


IIE�r� = 
CE�r� +
1

2

�2���
���2 
m

2 �2

�
m
2 
CE�r� + O��2� , �14�

where the derivatives are done at a constant number of par-
ticles. If we next consider for �V� and �V2� an expansion
similar to �13�, it is not difficult to show that �2�V����V
− �V��2���2��� / ���4. Furthermore, in an infinite uniform
system the volume fluctuations are linked to the isothermal
compressibility via �2�V� / �V�=kBTT. Thus, like in Eq. �8�,
for the present finite inhomogeneous system we can write

�2��� / ���3=kBT̄̄T+O��� where ̄̄T is an average compress-

ibility. Comparing with Eq. �8�, in general we expect ̄̄T

= ̄T+O���. Also, since 
CE=
GCE+O���=
�+O��� and 
�

only depends on N or V through 
m, one has that the deriva-
tive �2
CE�r� /�
m

2 at constant N that appears in Eq. �14� only
differs by terms of order O��� from the derivative
�2
GCE�r� /�
m

2 at constant V of Eq. �8� and thus, Eq. �14�
yields


IIE�r� = 
GCE�r� + O��2� = 
��r� + O��2� , �15�

that is, 
IIE�r� differs from the GCE profile only by terms of
order O��2� and thus, measuring this quantity in the isother-

mal isobaric ensemble—even for small systems—yields an
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accurate estimation of the infinite system inhomogeneous
density. Finally we would like to remark that Eq. �14� can be
formally inverted to yield


CE�r� = 
IIE�r� −
1

2

�2���
���2 
m

2 �2

�
m
2 
IIE�r� + O��2� , �16�

which allows to obtain the CE profile from 
IIE�r�.
At this point it is important to comment on the procedure

used in the IIE simulation for measuring the density profile.
In accordance with the series expansion proposed in �13�, the
simulation is made at an external pressure such that the mean
value of the inverse volume is equal to the inverse volume in
the CE, i.e., ���=1/V. Then 
IIE is measured by dividing the
cylindrical pore into concentric shells, sampling the number
of particles in each shell and dividing by the volume of the
shell. This volume is the product of the length L times the
area S�r� of the circular cross section of the shell. For a given
shell, the area S�r� is constant but L fluctuates through a
simulation run, and thus the volume of the shell ��r�
=S�r�L also fluctuates, this being a crucial fact in the mea-
surement of the isothermal isobaric profile.

The equivalence of 
IIE�r� with 
GCE�r� obtained in Eq.
�15� is shown in Fig. 3 where in addition to the previously
commented CE and GCE profiles we also plot the density
profile for a pore with diameter �c=1.5� and mean inverse
length �1/L�IIE=1/L=1/12�−1 with N=8, 10, and 11 par-
ticles in the isothermal isobaric ensemble. We also show the
approximate CE profile obtained from 
IIE�r� and Eq. �A7�.
For N=8 and 10 �Figs. 3�a� and 3�b�� we find excellent
agreement between 
IIE�r� and 
GCE�r�, and also between the
CE profiles and the approximate results for 
CE�r� obtained
both from 
IIE�r� and from 
GCE�r�. For N=11 �Fig. 3�c��,
however, we obtain important differences between the pro-
files. In particular, we would like to remark the following
points for the N=11 case: �i� 
IIE�r� differs from 
GCE�r� due
to finite-size effects in the GCE profile but agrees with the
infinite system result �not shown, see Fig. 2 and comments�,
�ii� the approximate result for 
CE�r� obtained from 
IIE�r�
agrees nicely with the CE profile, but �iii� the approximate
result for 
CE�r� obtained from 
GCE�r� fails to yield the
correct CE profile.

In summary, in all situations �including high packing�
the IIE simulation data are very close to the infinite system
results. This fact can be of particular relevance in situations
like the one depicted in Fig. 3�c� where the GCE simulation
data differ from the infinite system results due to the packing
constraints in the system. This suggests the use of IIE simu-
lations in situations where the GCE MC simulations present
technical difficulties with insertion/removal events.

IV. AVERAGED TWO-BODY DISTRIBUTION FUNCTION

The density profiles presented in the preceding section
only give information on the radial structure of the fluid
confined to a cylindrical pore. Our goal now is to investigate
the microscopic structure of the fluid along the axis of the

pore. In this case the density is constant �unless a phase
transition occurs� and one must consider the two-body dis-
tribution function of the fluid, 
�2�, which can be defined as
follows:


�2��r1,r2� � �
̂�2��r1,r2�� =� �
i�j=1

N

��ri − r1���r j − r2�� .

�17�

Strictly speaking, the structure in the axis of the pore is given
by 
�2��x1=0 ,y1=0 ,z1 ,x2=0 ,y2=0 ,z2�. It seems more con-
venient, however, to consider the average of 
�2� over the
transverse coordinates �x ,y� so that we can define the fol-
lowing averaged distribution function:


�2��z1,z2� � � dx1dy1� dx2dy2
�2��r1,r2�

=� �
i�j=1

N

��zi − z1���zj − z2�� , �18�

which yields information on the average microscopic struc-
ture of the fluid along the cylinder. In particular,

�2��z1 ,z2�dz1dz2 is the probability of finding one particle be-
tween z1 and z1+dz1 and another particle between z2 and
z2+dz2. Due to translational invariance, 
�2� only depends on
the distance z12�z1−z2, i.e., one has 
�2��z1 ,z2�=
�2��z12�.
After a standard change of variables and an integration, for a
fixed cylinder length L, one obtains that the probability of
finding a pair of particles with z coordinates separated a dis-
tance between z12 and z12+dz12 is given by L
�2��z12�dz12.
This implies that 
�2��z12� can be readily obtained in a simu-
lation run by sampling the number of pairs of particles with
a given separation z12 weighted by a factor 1 /L. This weight
is not important in the CE or in the GCE but becomes crucial
in the IIE where the length fluctuates.

Following the method presented in the preceding section
for 
�r�, it is not difficult to obtain approximate expressions
that link the results for 
�2� in the different ensembles. In
particular, the connection between the canonical and grand
canonical ensembles is given by the analogous of Eq. �8�:


�2�
GCE�z12� = 
�2�

CE�z12� +
1

2N

m

3 kBT̄T
�2

�
m
2 
�2�

CE�z12�

+ O� 1

N2� , �19�

while for the IIE we obtain �see Eq. �14��


�2�
IIE�z12� = 
�2�

CE�z12� +
1

2
���
m

2 kBT̄T
�2

�
m
2 
�2�

CE�z12�

+ O��2� , �20�

and thus


�2�
IIE�z12� = 
�2�

GCE�z12� + O��2� . �21�

Figure 4 shows the behavior of 
�2��z12� for a cylindrical
pore of diameter �c=1.5� with �1/L�=1/L=1/12�−1, and
�N�=N=8, 10, and 11, i.e., the same situations as those con-
sidered in Fig. 3 for the inhomogeneous density. We present

the simulation results for the three ensembles considered in
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the present work as well as the corresponding approxima-
tions for 
CE

�2��z12� based on the GCE and the IIE results.
Since the simulated system is subjected to periodic

boundary conditions, the results for 
�2��z12� are only valid
for the range 0�z12�L /2 and, therefore, in Fig. 4 we only
consider results up to L /2=6�. Also, since the length L is a
fluctuating variable in the IIE simulations, the results for 
IIE

�2�

near �L� /2 exhibit an unphysical tail that must not be taken
into account. The origin of this tail is clear: for a given value
of the fluctuating length L one can only sample distances up
to L /2 that can be smaller than the mean �L� /2 giving rise to
the tail, that can be seen as a further consequence of the
periodic boundary conditions in the system.

In Fig. 4�a� we plot the results for the case �N�=N=8. As
expected, we find that GCE and IIE results are almost indis-
tinguishable �except for the above-mentioned tail� while no-
ticeable differences are found with the CE results. The ap-
proximations for 
CE

�2��z12� based on GCE and IIE data yield
rather good results which shows the accuracy of the series
expansions considered in this work. Figure 4�b� displays the
results for �N�=N=10 with the same overall behavior as in
the preceding case but with a more pronounced peak struc-
ture. This structure is further enhanced in Fig. 4�c� where we
plot the results for �N�=N=11. This case corresponds to a
very inhomogeneous situation where the CE and IIE results
show the same behavior as in Figs. 4�a� and 4�b� while the
GCE probability density 
GCE

�2� is close to the CE result in-
stead of the IIE one. Also, the approximation for 
CE

�2� based
on the GCE results fails noticeably. This situation is the same
as the one presented in the preceding section for the density
profile �see Fig. 3�c�� and, again, using results for an equiva-
lent infinite system in the GCE �not shown�, one would re-
cover the behavior observed for the less inhomogeneous situ-
ations with N=8 and 10 particles.

To conclude, in this section we have analyzed the finite-
size effects that arise in the averaged two-body distribution
function 
�2��z12�, obtaining the same behavior as for the den-
sity profile: �i� in most situations IIE and GCE results are
almost equal and differ from the CE results and �ii� good
approximations for the CE results can be obtained on the
basis of a series expansion in terms of fluctuations.

V. SUMMARY

We have analyzed the explicit finite-size effects that
arise in the microscopic structure of a hard-sphere fluid in a
narrow cylindrical pore when studied via MC simulation in
the framework of different statistical mechanics ensembles.
We have considered both the inhomogeneous density profile
exhibited by the fluid in the radial direction and an averaged
two-body distribution function that yields information on the
structure along the axis of the cylindrical pore. In both cases
we have observed that except for very small and highly in-
homogeneous systems, the results in the GCE are very close
to those of an equivalent infinite system. Conversely, the
results in the CE differ from those in the GCE by a term of
the order O�1/N�. An explicit expression for this term has
been obtained by means of a series expansion in terms of the

fluctuations in the number of particles.
In IIE, the choice of the system pressure becomes cru-
cial. Instead of choosing a pressure such that the mean vol-
ume of the system is equal to that of the CE or GCE system
we have considered a system whose mean inverse volume is
equal to the inverse volume in the other ensembles. This
choice has the direct consequence of yielding the same den-
sity for a homogeneous fluid in the three ensembles analyzed
in this work. In the inhomogeneous situation considered in
the present paper, a series expansion in terms of the inverse
volume allowed us to show that the results in the IIE are
equal to first order to those of the GCE and thus to the
infinite system results. This theoretical result has been
checked by MC simulation. This equivalence is remarkable
given the size of the systems considered �N�10� and taking
into account that the equivalence with the infinite system
holds even when the GCE simulation yields different results.
Finally, the proposed series expansion can be used to link CE
results to those in the IIE.
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APPENDIX: EQUATIONS IN TERMS OF
FLUCTUATIONS

In this appendix we present the relevant expressions that
allow one to rewrite the equations linking the results for the
different ensembles in terms of fluctuations instead of deriva-
tives with respect to the mean density. We first consider the
IIE case and then quote the final results for the GCE which
were already derived in a previous work.9

The IIE average �A�IIE of a given physical observable A
can be expressed as the following volume average:

�A�IIE = �
0

�

dV��V��A�CE, �A1�

where the volume probability density ��V� is given by

��V� =
QN,V

�V�N,P
e−�PV, �A2�

QN,V and �N,P being the CE and the IIE partition functions,
respectively, and �V is a volume scale that ensures that �N,P

is a dimensionless quantity. Differentiation of Eq. �A1� with
respect to −�P yields

��A�
��− �P�

= �AV� − �A��V� = ��A − �A���V − �V��� , �A3�

where �¯� denotes IIE average. Differentiating again we ob-
tain the following general expression:

�n�A�
��− �P�n = ��A − �A���V − �V��n� , �A4�

which is the key result for rewriting expressions with deriva-

tives in terms of fluctuations. The derivatives with respect to
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���= �V−1� are easily rearranged by taking into account the
identity

�

����
= � ����

��− �P��
−1 �

��− �P�
, �A5�

where, using Eq. �A3�,

����
��− �P�

= 1 − ����V� . �A6�

Using Eqs. �A3�–�A6� to order O��� Eq. �16� becomes


CE�r� = 
IIE�r� −
1

2
�2���� ��
̂ − 
IIE��V − �V��2�

��� − �����V − �V���2

−
��
̂ − 
IIE��V − �V������ − �����V − �V��2�

��� − �����V − �V���3 � ,

�A7�

and a similar equation applies for 
�2�.
The link between the GCE and the CE densities given by

Eq. �9� can be rewritten in terms of fluctuations in the fol-
lowing way:9


CE�r� = 
GCE�r� −
1

2
� ��
̂ − 
GCE��N − �N��2�

�2�N�

−
��
̂ − 
GCE��N − �N�����N − �N��3�

��2�N��2 � . �A8�
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