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a b s t r a c t

The three indicators of isentropic lines, namely, the isentropic index, the ratio of pressure and density p/q
and the derivative (op/@q)s are investigated for all of the fluids in the RefProp 9.0 program. The behaviour
of these three entities is evaluated along the saturated vapour line as well as in the superheated vapour
region. There is a distinct demarcation of fluids whose isentropic indices can be less than 1 and others for
which this behaviour is absent. The critical molar volume is found to be the characterizing feature. Sev-
eral other interesting features of those three thermodynamic properties are also highlighted. It is
observed that most practical engineering compression and expansion processes occur along the decreas-
ing direction of the sound speed.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The chart depicting thermodynamic properties of fluids in the
natural logarithm of pressure – enthalpy (lnp vs h) coordinate
system is amongst the most widely used for analysis of refrigera-
tion, heat pumping and Rankine cycle systems. The behaviour of
isentropes, isochores and isotherms in this plane provides an in-
sight to engineering limits of operation of those cycles. For exam-
ple, thermodynamic cycles are seldom operated close to the triple
point or close to the critical point of a fluid. Srinivasan [1] pointed
out that most systems are operated within the pressure limits cor-
responding to where maxima in pr(1 � Tr) and Tr(1 � pr) occur
along the saturation line, with pr and Tr being reduced pressure
and temperature, respectively. The transcritical carbon dioxide
refrigeration cycle is a peculiar exception where actually the cycle
is operated in the negative slope region of saturated enthalpy on
the lnp–h plane [2].

The curvature of isentropes on p–h and lnp–h planes has been
discussed by Bisio and Martini [3] for isentropic compressions for
ideal and real fluids. When one considers the standard vapour
compression refrigeration cycle, the energy input which is made
imminent from Second Law of thermodynamics occurs during
the isentropic compression process. Industry also attempts to per-
form the isentropic process but only with limited success because
most refrigeration compressors available in the market have isen-
tropic efficiency seldom exceeding 80% while the most common

range is 55% to 65% [4]. Taras and Lifson [5] point out that fluids
with steeper isentropes are generally associated with higher isen-
tropic efficiencies. On the other hand, a large impetus is being gi-
ven to ‘‘green’’ power which opens the option of concentrated
solar thermal power using working fluids that have low global
warming potential. In addition, choosing an appropriate working
fluid for low grade industrial waste heat recovery using small
capacity (of the order of 10’s of kW) organic Rankine cycles is also
fraught with low isentropic efficiencies of expanders. It appears
that raising this figure to above 75% is a technological problem
[6,7]. It is imperative that any paradigm boost of isentropic effi-
ciency of the expander contributes to reduction in the size of the
solar field and the unit cost of electricity generated. In this back-
ground it is worthwhile investigating the nature of isentropes orig-
inating from various states along the saturated vapour line of
various working fluids and extending into superheated vapour re-
gion and assessing their relevance to the above mentioned cycles.
Isentropes are also useful in analysing shock phenomena and sud-
den changes in the gas flow domains. For example, smooth loss of
convexity of isentropes has been a topic of interest [8,9].

2. Indicators of isentropic lines in the vapour region

Starting from the definition of specific enthalpy

h ¼ uþ pv ; ð1Þ

the basic thermodynamic relation

dh ¼ T dsþ mdp ð2Þ

implies that

ð@p=@hÞs ¼ 1=m ¼ q; ð3Þ

0021-9614/$ - see front matter � 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.jct.2012.07.013

⇑ Corresponding author. Address: IUFFyM, Universidad de Salamanca, 37008
Salamanca, Spain. Tel.: +34 923294436; fax: +34 923294584.

E-mail address: white@usal.es (J.A. White).
1 Also with Department of Mechanical Engineering, University of Melbourne,

Australia.

J. Chem. Thermodynamics 56 (2013) 144–148

Contents lists available at SciVerse ScienceDirect

J. Chem. Thermodynamics

journal homepage: www.elsevier .com/locate / jc t



Author's personal copy

and therefore, in a simple p–h plane the isentrope should be con-
cave with reference to the ordinate because any compression must
result in an increase in density and any expansion must result in a
decrease in density. Invariably all working fluids used in current
engineering practice depict this feature.

However, most engineering charts depict a lnp–h relation
wherein the slope of the isentrope is not that obvious. More con-
cretely, one has

ð@ ln p=@hÞs ¼ q=p; ð4Þ

and consequently, the nature of the right hand side of the above
equation determines the behaviour of an isentrope in the lnp–h
plane. The interesting feature is that, along an isentrope, unlike
the density, q/p is not necessarily monotonic. We have found that
q/p along an isentrope is monotonic for some fluids and for many
others it has a minimum and a maximum. In this work we shall
investigate the criteria that demarcate this behaviour.

Two other thermodynamic properties associated with constant
entropy are the sound speed defined as

c ¼ fð@p=@qÞsg
1=2
; ð5Þ

and the isentropic coefficient defined as

k ¼ ð@ ln p=@ ln qÞs; ð6Þ

from which it also follows that

c ¼ fkðp=qÞsg
1=2
: ð7Þ

Thus, we have three properties that characterise an isentrope,
namely, c, k and (p/q)s each of which is found to depict an interest-
ing fluid specific behaviour. The objective of this paper is also to
analyse conditions related to those indicators of the isentropes.

In this paper, we have used all of the fluids included in the NIST
program RefProp 9.0 [10] for all of the property evaluations. We
consider only a few of them to demonstrate the key features men-
tioned earlier. Hydrogen, helium and neon are not considered be-
cause of quantum effects and also since several features common
to other fluids do not occur for them.

3. Fluid specific behaviour of isentrope indicators

Figures 1 and 2 show the pressure dependence of each of the
three properties for two representative fluids namely propane
and ammonia along an isentrope corresponding to saturated
vapour at 1.013 bar. In these figures, for the sake of comparison,
the saturated vapour state values are also plotted. In figure 1 the
left ordinate for sound speed is c/4 to bring the order of magnitude
to be the same as for p/q to enable discussion hereafter.

Common features for both fluids in the saturated vapour state
are: (a) a minimum in the isentropic coefficient at a particular
pressure (A in figures 1 and 2), (b) a maximum in p/q at another
pressure (B in figures 1 and 2), (c) a maximum in the sound speed
at yet another pressure (C in figures 1 and 2). In the superheated
state also the isentropic coefficient has a minimum at yet another
pressure along the isentrope corresponding to saturation vapour
state at 1.013 bar (D in figures 1 and 2). However, the differences
between propane and ammonia are: (a) p/q has one maximum (E
in figure 1) and one minimum pressure (F in figure 1) and (b) the
sound speed has a maximum and a minimum along the isentrope
through saturated vapour at 1.013 bar (G and H in figure 1) of pro-
pane which is absent in the case of ammonia.

When p/q has a maximum or a minimum along an isentrope,
this implies that at these points

½@ðp=qÞ=@p�s ¼ 0; ð8Þ

and hence

½@p=@q�s ¼ p=q: ð9Þ

From which it also follows that, at these points, from equation (6)
k = 1 and from equation (7), c = {(p/q)s}1/2.

In the case of propane, this also implies that k < 1 between these
pressures of extrema along an isentrope (between pE and pF in fig-
ure 1). Further, along the saturated vapour line, in the case of pro-
pane k < 1 for p > 10 bar, whereas in the case of ammonia k > 1 at
all states. It is evident that the popular concept of isentropic coef-
ficient being approximated to the ratio of specific heats cannot be
applied to real gases and they are separate entities because the iso-
baric specific heat, cp cannot be less than the isochoric specific
heat, cv whereas k can be less than1 as seen above.

In the case of the saturated vapour state of propane, the pres-
sure at which the maximum in p/qg (where the subscript g refers
to the saturated vapour state) occurs (B in figure 1) is �8 bar and
is not the same as the pressure at which kg = 1 which is �10 bar.
This is because equation (9) requires the gradient along an isen-
trope whereas point B is along the saturation line. The loci of pres-
sures of maximum (E in figure 1) and minimum (F in figure 1) in p/
q along various isentropes for propane are shown in figures 3 and 4
respectively. It is apparent that the isentropes corresponding to the
saturated vapour state where kg < 1 will not have a maximum in p/
q and hence the limiting saturation pressure in figure 3 is
10.02 bar. Above this saturation pressure only a minimum in p/q
will exist whose locus is shown in figure 4. Obviously, such behav-
iour will not happen for ammonia since p/q for this fluid is mono-
tonic. Figure 4 also shows the trace of pressures at which kmin
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occurs along each isentrope in the superheated state. Such a trace
will exist even for ammonia.

Figure 5 shows a trace of pressures at which kmin occurs and its
value for various isentropes through the saturated vapour state
(designated by the saturated pressures) (point D in figures 1 and
2) for propane and ammonia. For either of these fluids the exis-
tence of kmin is only up to isentropes through 40 bar, beyond which
it is monotonic. Although, the range of variation of kmin in the case
of ammonia is not even 2%, it is much larger in the case of propane.
On the other hand there is a larger variation in the pressures of
occurrence of kmin for ammonia than for propane.

Figure 6 shows the relation between the values of kmin along
various isentropes in the superheated state and the pressures at

which they occur for propane. A good linear relation exists be-
tween kmin and the pressure where it occurs for propane as given
below

Kmin ¼ 0:013þ 0:3166ðp=barÞ for 35 < p=bar < 50 ð10Þ

with a regression coefficient of 0.9986. Similar relations can be ob-
tained for other fluids as well.

4. Behaviour along the saturated vapour line

In this section, we will analyse the behaviour of the three indi-
cators of the isentropes, namely cgmax, kgmin, and (p/qg)max along the
saturated vapour line for the fluids included in RefProp 9.0. Figure 7
shows the acentric factor (x) dependence of the reduced temper-
atures (T/Tc) at which those extrema occur. In general, the occur-
rence of kgmin is within 10% of the critical temperature for a large
majority of fluids with x > 0.2. The point of occurrence of (p/qg)max

seems to be nearly independent of the acentric factor. A maximum
reduced temperature of 0.82 occurs for methyllenolenate
(x = 1.14) and a minimum of 0.77 for R41 (x = 0.2). In fact, the
mean reduced temperature for all fluids is 0.788 with a standard
deviation of 0.009. It is worthwhile noting that the reduced tem-
perature at which cgmax occurs decreases with increase in the acen-
tric factor of up to about x � 0.2 and then it increases linearly. The
range of variation of the reduced temperature is between 0.82 and
0.68. It is also observed that most fluids that fall outside the broad
pathway are inorganic fluids such as water (both normal and hea-
vy), carbon dioxide, ammonia, sulphur dioxide, nitrous oxide, etc.
Ethanol and methanol consistently fall outside the spectrum for
reasons already brought out by Srinivasan et al. [11] and Velasco
et al. [12].

The inter-relationship between the reduced saturated vapour
density (qg/qc) and the reduced pressure (p/pc) at which the extre-
ma occur is shown in figure 8. Since a fair correlation is observed,
the following least squares fits are obtained:

Pr at ðp=qgÞmax ¼ 0:0378þ 1:893qgr ð11Þ

with a regression coefficient of 0.9858

pr at cgmax ¼ 0:0081þ 2:165qgr ð12Þ

with a regression coefficient of 0.9944

pr at kgmin ¼ 0:0066þ 2:252qgr � 1:697q2
gr: ð13Þ

with a regression coefficient of 0.9918.
It is also observed that the reduced density at which an extre-

mum occurs along the saturated vapour line is well correlated with
the magnitudes of the maxima themselves. This is shown in figure
9 where we plot kgmin, the reduced maximum in (p/qg)max (defined
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as (pr/qgr)max) and the dimensionless sound speed cgrmax = cgmax/
{(RTc/M)}1/2, where R is the Universal gas constant and M is the mo-
lar mass.

From figure 9 one observes that, kgmin and (pr/qgr)max are fairly
well correlated against qgr. We obtain the following empirical
equations:

ðpr=qgrÞmax ¼ 1:263=q0:248
gr ð14Þ

with a regression coefficient of 0.9011, and

kgmin ¼ 1:610� 1:655qgr ð15Þ

with a regression coefficient of 0.9687.
However, since cgrmax occurs over a narrow band of 0.8 to 1.04

and the trend is not systematic, no correlation has been obtained
for this quantity.

We have found that the fluids with a critical volume less than
0.15 m3 � kmol�1 possess kgmin > 1 (see table S1 of the supplemen-
tary data). Most cryogenic liquids, low molecular weight hydrocar-
bons, inorganic fluids such as water, ammonia, carbon dioxide fall
under this category. For fluids with critical volume larger than
0.15 m3 � kmol�1, kgmin < 1. Most commercial organic refrigerants,
high molecular weight hydrocarbons and organic compounds fall
under this category. From figure 9 it is also seen that the former
category of fluids for which kgmin > 1, qgr < 0.39 where kgmin occurs.
Broadly, fluids with kgmin > 1 do not show a maximum in (p/q) nor
in c in the superheated region.

Except for fluorine, oxygen, nitrogen, argon, krypton, xenon,
methane, carbon monoxide, and hydrogen sulphide, the rest of
the fluids analysed attain kgmin at Tr > 0.9, which is a region seldom
considered for power and refrigeration applications. Water, carbon
dioxide and ethylene were found to possess also a maximum in kg

along the saturated vapour line (figure 10). In this figure saturated
vapour lines for ammonia and propane are drawn again to show
the contrast. In the case of propane and ammonia, kc at the critical
point is large (but not infinite). The three parameters of the isen-
tropes are finite at the critical point because [@p/@q]s is finite
although [@p/@q]c is zero along the saturation line. Thus, the man-
ifestation of critical isentrope of a fluid would govern this feature
and this also is expected to be highly fluid dependent.

5. Thermodynamic planes with isentropic indicators and
pressure

The generally accepted practice in representing thermodynamic
planes is to use one intensive (usually the ordinate) and one exten-
sive property per unit mass (usually the abscissa) (e.g.: p–v, T–s
diagrams) or two extensive properties (e.g.: h–s diagram). Accord-
ing to Valentin and Balian [13] there is a substantial progress in the
quality of data for the speed of sound and it can be used as an
intensive property for representing thermodynamic diagrams. Per-
haps, this could be the starting point of looking at thermodynamic
diagrams with two intensive properties.
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The foregoing findings can also be appreciated if the c–p plane is
used to describe the thermodynamic properties of fluids. We
choose water and HFC 134a as two example fluids to demonstrate
the nature of this plane. Each of them lies on either side of the
demarcating critical molar volume of 0.15 m3 � kmol�1. They are
shown in figures 11 and 12 in which the saturated vapour and
the isentropes in the superheated vapour zone are depicted.

The engineering implications of the above findings are as fol-
lows. The fluids used in refrigeration, if compressed from a state
where the isentropic coefficient is less than 1 will undergo a slower
increase in temperatures than those with higher isentropic coeffi-
cients. For example, this is the case when ammonia or carbon diox-
ide is used as a refrigerant where the discharge temperatures of a
compressor are high and there is a large desuperheating zone or a
large gas cooling requirement in the heat rejection process. This is
associated with lubricating oil management problems. In practice,
heat recovery hardware is sometimes added.

For a typical vapour compression refrigeration system using
HFC 134a as the working fluid, the isentropic compression in prac-
tical limits of operation would be in the direction of decreasing
sound speed of the process. Similarly, in the case of steam, which
is a very good turbine expansion fluid, again the direction of expan-
sion will be in the direction of decreasing sound speed. From a
practicality point of view, it appears that the favourable direction
of processes (compression or expansion) would be in the direction
of decreasing sound speed along an isentrope.

It is also seen that kgmin occurs for most fluids at Tr > 0.9 where
an engineering system is seldom operated (except CO2 based sys-
tems). When newer refrigerants are synthesized, criteria described
herein could enable prima facie evaluation of the compression pro-
cess. For example, for the new refrigerant HFE143m [14], which
has a critical volume of 0.2151 m3 � kmol�1, kgmin � 0.716 and will
occur at qgr = 0.54 or qg = 251 kg/m3 where the saturation temper-
ature is 99.8 �C and the corresponding pressure is �33 bar which is
quite close to the critical state. Thus, this refrigerant will be a rea-
sonable replacement for HFC 134a, as expected. On the other hand,
the search for newer environmentally friendly organic Rankine cy-
cle working fluids can be assessed to satisfy the criterion of
decreasing sound speed in the expander.

6. Summary

The three indicators of constant entropy lines are the isentropic
index, the ratio of pressure and density and the sound speed. These
three properties have systematic trends for all fluids along the sat-
urated vapour curve, but have fluid specific behaviour in the super-
heated region. They have been analysed for all fluids under RefProp
9.0 and it is seen that the critical molar volume is the demarcating
feature. Empirical correlations have been derived for thermody-
namic states where extrema in those properties occur in terms of
reduced densities. A possible sound-speed based criterion for
refrigeration and power cycle working fluids has been identified.
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