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For non-quantum fluids, the Miller function, hðTÞ ¼ T lnðp=pcÞ=ðT � TcÞ, with Tc and pc the temperature
and pressure at the critical point, presents a minimum in the liquid-vapor coexistence curve. By analyzing
values from a NIST program for 105 fluids, we find that the temperature, TM, of this minimum is closely
correlated with the normal boiling temperature, Tb, and with the critical temperature of the fluid. We also
demonstrate that the value of the minimum, hM ¼ hðTMÞ, is well correlated with the acentric factor. We
show that the Miller function can be used as a powerful tool for checking vapor pressure values obtained
from equations of state or from vapor pressure equations, especially near the critical point.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction recently, Velasco et al. [10] analyzed the behavior of the Waring,
Most of the proposed vapor pressure equations use the temper-
ature Tc and the pressure pc of the critical point as reducing values
and provide the natural logarithm of the reduced vapor pressure,
pr ¼ p=pc, as a function of the reduced temperature, Tr ¼ T=Tc,

ln pr ¼ f ðTrÞ; ð1Þ

where the function f ðTrÞ contains, in general, several fluid depen-
dent coefficients. For all fluids f ðTrÞ is a negative function
(f ðTrÞ 6 0) that monotonically increases (f 0ðTrÞ > 0) from the re-
duced temperature at the triple point to the value f ð1Þ ¼ 0 at the
critical point. Besides the triple and critical points, the normal boil-
ing point and the acentric point are other characteristic points on
the reduced vapor pressure curve (aside from a few fluids with
Ttp > Tb). No other characteristic points have been widely consid-
ered in the representation of ln pr versus Tr .

Srinivasan et al. [1–4] and other papers describing their work
[5–7] observed that the products of some liquid-vapor saturation
properties exhibit peaks along the vapor pressure curves. These
authors showed that these points, which define new characteristic
properties of each fluid, exhibit close correlations with the critical
properties, and that some of them are well correlated with the Pit-
zer acentric factor. These points have been used to optimize the
coefficients in cubic equations of state [8], and to predict the prop-
erties of new low global warming potential refrigerants [9]. More
ll rights reserved.
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wðTÞ ¼ �d ln p=dð1=TÞ, and Riedel, aðTÞ ¼ d ln p=d ln T , functions
along the liquid–vapor coexistence curve for 105 fluids reported
by the NIST program RefProp 9:0 [11]. They found that for most flu-
ids wðTÞ and aðTÞ present a minimum whose temperatures are also
linearly correlated with the critical temperature Tc. Furthermore,
by using reduced coordinates, they also showed that the minima
are well correlated with the acentric factor. These correlations
were used for testing some well-known vapor pressure equations
in the Pitzer corresponding states scheme.

In this work we propose the Miller function, hðTrÞ ¼
Tr ln pr=ðTr � 1Þ as an alternative to equation (1) for analyzing the
behavior of the vapor pressure curve. This analysis is performed
for vapor pressure values of 105 pure fluids reported by the NIST
program RefProp 9:0 [11]. We show that, except for quantum flu-
ids, the Miller function presents a minimum at a given reduced
temperature, the reduced Miller temperature, TMr . We show that
TM ¼ TMrTc is well correlated with both the normal boiling, Tb,
and critical, Tc, temperatures. We also show that the minimum va-
lue of the Miller function, hM ¼ hðTMrÞ, is correlated with the Pitzer
acentric factor. Furthermore, near the critical point, the first deriv-
ative of hðTrÞ w.r.t. Tr presents the same divergence as the second
derivative of the reduced vapor pressure. This behavior provides a
powerful tool for checking vapor pressure data obtained from
equations of state or from vapor pressure equations.

2. The Miller function

The simplest vapor pressure equation of type (1) is the so-called
Clausius–Clapeyron (CC) equation

http://dx.doi.org/10.1016/j.jct.2012.10.019
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FIGURE 1. The Miller function hðTrÞ vs. the reduced temperature Tr for nitrogen
(solid line) and methane (dashed line), indicating the positions of the minima, i.e.,
the reduced Miller temperatures TMr .
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ln pr ¼ A 1� 1
Tr

� �
¼ A
ðTr � 1Þ

Tr
; ð2Þ

where A is a fluid characteristic coefficient. Equation (2) suggests
one consideration of the dimensionless saturation function

hðTrÞ �
Tr ln pr

Tr � 1
; ð3Þ

as an alternative to equation (1) for analyzing the temperature
dependence of the saturated pressure of a fluid along the liquid–va-
por coexistence curve. Indeed, in terms of hðTrÞ, the CC equation (2)
can be rewritten in the form

hCCðTrÞ ¼ A: ð4Þ

Therefore hðTrÞ provides a simple way to appreciate the deviation of
the behavior of the vapor pressure of a given fluid with respect to
the one prescribed by the Clausius–Clapeyron equation.

The calculation of hðTrÞ for selected characteristic points on the
vapor pressure curve is direct:

1. By applying equation (3) at the reduced normal boiling tem-
perature, Tbr ¼ Tb=Tc, the following value is derived
hb � hðTbrÞ ¼
Tbr

Tbr � 1
ln

101:325
pc

; ð5Þ
where pc must be expressed in kPa. The parameter hb was first intro-
duced by Miller in 1963 [12], and it is known as the Miller parameter.
This parameter has been used as a correlating quantity in some vapor
pressure equations [13–19]. For this reason, we refer to the saturation
function hðTrÞ defined by equation (3) as the Miller function.

2. From the definition of the Pitzer acentric factor [20,21],
x ¼ �1:0� log10pr at Tr ¼ 0:7; ð6Þ
and using equation (3) one obtains
hx � hð0:7Þ ¼ 7 ln 10
3
ð1þxÞ; ð7Þ
for the value of hðTrÞ at the acentric point temperature Tr ¼ 0:7.
3. At the critical point equation (3) leads to an indetermination
of 0=0 type. Then, by applying l’Hôpital’s rule one has
hc � hð1Þ ¼ d ln pr

dTr

� �
Tr¼1
¼ dpr

dTr

� �
Tr¼1
¼ ac; ð8Þ
i.e, the value of hðTrÞ at the critical point Tr ¼ 1 coincides with the
Riedel factor ac, the slope of the reduced vapor pressure at the crit-
ical point [22].

Figure 1 shows the variation of hðTrÞ with Tr for methane and
nitrogen from the vapor pressure values reported by RefProp 9.0
[11]. This plot shows that the function hðTrÞ presents a minimum
at a fluid dependent reduced temperature TMr . We shall refer to
the minimum of the function hðTrÞ as the Miller point. The fact that
hðTrÞ goes through a minimum at TMr is analytically expressed by
the relation

h0ðTMrÞ �
dhðTrÞ

dTr

� �
Tr¼TMr

¼ � ln pMr

ðTMr � 1Þ2
þ TMr

TMr � 1
d ln pr

dTr

� �
Tr¼TMr

¼ 0; ð9Þ

where pMr ¼ prðTMrÞ. From equations (3) and (9) one obtains

d ln pr

dTr

� �
Tr¼TMr

¼ hM

T2
Mr

; ð10Þ

where hM ¼ hðTMrÞ. Equation (10) shows that the slope of equation
(1) at the Miller point can be obtained from the values TMr and hM of
this point. This property enhances the importance of the Miller
point as a reference point on the vapor pressure curve.

We have analyzed the function hðTrÞ with the use of the vapor
pressure data of the 105 substances reported in RefProp 9:0, and
listed the analysis in table S1 of the supplementary data. The Miller
function hðTrÞ presents a minimum at a different reduced temper-
ature TMr for all considered fluids except the quantum fluids (4He,
n-H2, p-H2, o-H2, D2 and Ne), ethanol, and propyne. We note that
the lack of a minimum in the last two fluids could be due to the
equations of state used in RefProp 9:0 (reference [23] for ethanol
and reference [24] for propyne). We refer to TM ¼ TMrTc as the Mill-
er temperature. We find that the Miller temperature TM can be rep-
resented by the following quadratic relationship with the normal
boiling temperature Tb,

TM=K ¼ �59:168þ 1:669ðTb=KÞ þ 0:00096ðT2
b=K2Þ ð11Þ

with a coefficient of determination R2 ¼ 0:9876. Figure 2(a) shows a
plot of TM vs. Tb. The symbols are data obtained from RefProp 9:0
[11] and reported in table S1 of the supplementary data, and the so-
lid line corresponds to the correlation given by equation (11). Fig-
ure 2(b) shows the percent relative deviation (102Dr) of TM

between tabulated values and values obtained using the correlation
(11). The average absolute relative deviation (AARD) for all fluids is
3:6%. The maximum absolute relative deviation (MARD) is obtained
for fluorine with a value of 22:7%.

We also find that the Miller temperature TM presents the fol-
lowing linear relationship with the critical temperature Tc,

TM=K ¼ �35:204þ 0:84760ðTc=KÞ: ð12Þ

with a coefficient of determination R2 ¼ 0:9800. Figure 3(a) shows a
plot of TM vs. Tc. Symbols correspond to RefProp 9.0 [11] data listed
in table S1 of the supplementary data and the solid line corresponds
to the correlation given by equation (12). Figure 3(b) shows the per-
cent relative deviation of TM between tabulated values and values
obtained using the correlation (12). The AARD for all fluids is
4.5%. The MARD is obtained for xenon with a value of 22.3%.

We have also analyzed the values of the Miller function at the
minimum, hM, obtained for the fluids considered in the present
work and reported in table S1 of the supplementary data. We find
a linear correlation between hM and the acentric factor x given by

hM ¼ 5:39536þ 5:15675x; ð13Þ

with a coefficient of determination R2 ¼ 0:9980. Figure 4(a) shows a
plot of hM vs. x. Symbols correspond to the RefProp 9.0 [11] values
presented in table S1 of the supplementary data and the solid line
corresponds to the correlation given by equation (13). Figure 4(b)
shows the percent relative deviation (102Dr) of hM between
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FIGURE 2. (a) The Miller temperature, TM, vs. the normal boiling temperature, Tb.
The line represents equation (11). (b) Percent relative deviations from equation
(11). The symbols are the values obtained from RefProp 9:0 [11] (See table S1 of the
supplementary data).
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FIGURE 3. (a) The Miller temperature, TM vs. the critical temperature, Tc. The line
represents equation (12). (b) Percent relative deviations from equation (12). The
symbols are the values obtained from RefProp 9:0 [11] (See table S1 of the
supplementary data).
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tabulated values and values obtained using the correlation (13). The
AARD for all fluids is 0:39%. The MARD is obtained for MD3M with a
value of 2:6%.

3. The Miller function for the Ambrose–Walton vapor pressure
equation

Most of the vapor-pressure equations of type (1) proposed in
the literature are expressed as a power series of x,

ln pr ¼
Xn

k¼0

xk/kðTrÞ; ð14Þ

where /kð1Þ ¼ 0, and the functions /kðTrÞ usually have the same
analytical form for different values of k but include different adjust-
able parameters. Among these equations, it is widely recognized
that the Ambrose–Walton (AW) equation [25], for which n ¼ 2
and the functions /kðTrÞ have the form of a Wagner vapor pressure
equation

/kðTrÞ ¼
1
Tr

Akð1� TrÞ þ Bkð1� TrÞ1:5 þ Ckð1� TrÞ2:5 þ Dkð1� TrÞ5
h i

;

ð15Þ

correlates vapor pressure experimental data of pure fluids with
fairly good accuracy from the triple to the critical point. The Miller
function corresponding to the AW equation is given by

hAWðTrÞ ¼ �
X2

k¼0

xk Ak þ Bkð1� TrÞ0:5 þ Ckð1� TrÞ1:5 þ Dkð1� TrÞ4
h i

: ð16Þ

From this equation one can obtain the values of the Miller function
at some characteristic points as functions of the acentric factor x,
hAW
b ¼ �

X2

k¼0

xk Ak þ Bkð1� TbrÞ0:5 þ Ckð1� TbrÞ1:5 þ Dkð1� TbrÞ4
h i

; ð17Þ

hAW
x ¼ �

X2

k¼0

xk Ak þ 0:30:5Bk þ 0:31:5Ck þ 0:34Dk

h i
; ð18Þ

and

hAW
c ¼ �

X2

k¼0

xkAk: ð19Þ

As a direct application, comparison between Eqs. (7) and (18) gives
absolute relative deviations less than 0:0001%. This is a conse-
quence of the self-consistency of the AW equation to reobtain the
acentric factor value used as an input [26].

On the other hand, the derivative of equation (16) w.r.t. Tr yields

h0AWðTrÞ ¼
X2

k¼0

xk Bk

2
ð1� TrÞ�0:5 þ 3Ck

2
ð1� TrÞ0:5 þ 4Dkð1� TrÞ3

� �
:

ð20Þ

Using this equation, equation (9) leads to

X2

k¼0

xk Bk þ 3Ckð1� TAW
Mr Þ þ 8Dkð1� TAW

Mr Þ
3:5

h i
¼ 0; ð21Þ

which allows us to obtain numerically the reduced Miller tempera-
ture, TAW

Mr , as a function of the acentric factor x for the AW equation.
Finally, substitution of TAW

Mr in equation (16) allows one to obtain
hAW

Mr as a function of x for the AW equation.
Figure 5(a) shows a plot of TMr vs. x. Symbols correspond to

tabulated data reported in table S1 of the supplementary data.
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FIGURE 5. (a) The reduced Miller temperature, TMr , vs. the acentric factor, x. The
symbols are the values obtained from RefProp 9:0 [11] (See table S1 of the
supplementary data). The solid line represents the AW result, obtained from
equation (21). (b) Percent relative deviations from the AW result.
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Figure 5(a) shows that for low x values TMr increases as x in-
creases. The variation of TAW

Mr versus x obtained from the AW equa-
tion is plotted by a solid line in figure 5(a). The AW equation gives a
value of x ¼ �0:118 below which TAW

Mr becomes negative. This lim-
it occurs where quantum fluids do not have a minimum for the
Miller function. The AW equation provides TAW

Mr values increasing
with x. This behavior agrees with the tabulated data for low x.
Figure 5(b) shows the percent relative deviation of TMr between
tabulated values and values obtained using the AW equation. An
AARD of 2.4% between AW values and tabulated data for TMr is ob-
tained. A MARD of 11.5% is obtained for methyl stearate. Large
deviations are also obtained for the other fluids with x > 0:9,
namely, methyl linolenate, methyl oleate, and methyl palmitate.

The variation of hAW
Mr versus x obtained from the AW equation is

plotted by a dashed line in figure 4(a). One can see that hAW
Mr in-

creases with x in a practically linear way very close to the corre-
lating equation (13) for low x. An AARD of 0:31% between AW
values and tabulated data for hMr is obtained. In this case we obtain
a MARD of 3:1% for methyl linolenate. As in figure 5(a), in figure
4(a) one can observe that the four fluids with x > 0:9 show the lar-
ger deviations with respect to the AW result.

Figure 6(a) shows ln pr vs. Tr for water from the vapor pressure
data reported by the NIST program. The variation of ln pr versus Tr

obtained from the AW equation is also plotted by a dashed line in
figure 6(a). One can see that, except near the triple point, the AW
equation reproduces the NIST values with rather good accuracy.
However, when one plots hðTrÞ vs. Tr , as it is shown in figure
6(b), one can appreciate the discrepancies between values ob-
tained from the AW equation and those obtained from NIST calcu-
lations. These discrepancies come from the deviation of TAW

Mr from
the TMr data obtained from the NIST program. Therefore, the Miller
function hðTrÞ seems to be a more sensitive function than ln pr to
compare vapor pressure data coming from smoothed experimental
and correlating equations.

4. The Miller function near the critical point

Figure 1 also shows an interesting characteristic of the function
hðTrÞ: the slope is positive near the the critical point. However, we
have found that the slope of the Miller function of some fluids re-
ported by the NIST program is negative near the critical point. For
example, this is the case for hexane and ethanol, for which the
Miller function is plotted vs. Tr in figures 7 and 8 from the vapor
pressure data reported in the NIST program using the equations
of state of references [28] (hexane) and [23] (ethanol). Further-
more, for some of these fluids (e.g., fluorine) hðTrÞ becomes nega-
tive very close to the critical point (note that NIST results for
fluorine are obtained from the equation of state of reference
[29]). But, this is not possible because hc must always be positive.
In order to verify the validity of an equation of state one needs to
analyze the behavior of hðTrÞ near the critical point.

Near the critical point, hðTrÞ must be consistent with extended
thermodynamic scaling for the vapor pressure around this point.
In particular, as one approaches the critical point, renormalization
group theory establishes that the second derivative of the vapor
pressure with respect to the temperature diverges following the
scaling law [30]

d2pr

dT2
r

� Bð1� TrÞ�a
; ð22Þ

where a is the critical exponent for the heat capacity at constant
volume and B is a fluid dependent positive coefficient. Taking into
account the relation
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d2 ln pr

dT2
r

¼ � 1
p2

r

dpr

dTr

� �2

þ 1
pr

d2pr

dT2
r

; ð23Þ

since pr and dpr=dTr remain finite at the critical point, scaling law,
equation (22), implies that

d2 ln pr

dT2
r

� Bð1� TrÞ�a
; ð24Þ

when Tr approaches 1 (critical point). Taking into account the val-
ues at the critical point, ln pr ¼ 0 at Tr ¼ 1, integrating equation
(24) twice yields
ln pr ¼ A1ð1� TrÞ þ A2ð1� TrÞ2�a þ � � � ð25Þ

near the critical point, where A1 ¼ �ac ¼ �hc, according with equa-
tion (8), and A2 ¼ B=ð1� aÞð2� aÞ. Using expansion (25), equation
(3) leads to

hðTrÞ � � A1 þ A2ð1� TrÞ1�a þ � � �
h i

ð26Þ

near the critical point. The derivative of equation (26) w.r.t. Tr , leads
to

h0ðTrÞ � ð1� aÞA2ð1� TrÞ�a ¼ B
2� a

ð1� TrÞ�a ð27Þ

near the critical point. Equation (27) shows that if d2pr=dT2
r verifies

the scaling law given by equation (22), h0ðTrÞ also verifies the same
scaling law.

Equation (20) shows that the AW equation satisfies scaling law
(27) with an effective critical exponent a ¼ 0:5. The AW equation
for hexane and NIST calculations are in an excellent agreement
(not plotted). However, the Miller function (16) for the AW equa-
tion (plotted by a dashed line in figure 7 shows an evident discrep-
ancy with NIST values (solid line) in the region of Tr P 0:95. A
similar behavior is observed for ethanol which is plotted by a solid
line in figure 8 (note the lack of a minimum for Tr < 1). In this case
we also plot NIST results with an improved equation of state [27]
(dotted line) and the AW Miller function (dashed line) noting that
in these two cases the Miller function has a minimum and shows
the expected behavior near the critical point. The equation of state
in Reference [27] will be the new equation used in future versions
of RefProp [31].

5. Summary

To summarize, we propose the Miller function, hðTrÞ ¼
Tr ln pr=ðTr � 1Þ, as an alternative to the natural logarithm of the
reduced vapor pressure, ln pr , to analyze the temperature depen-
dence of the vapor pressure along the liquid-vapor coexistence
line. By using vapor pressure data of 105 fluids reported in RefProp
9.0, we have shown that, except for the quantum fluids and two
other fluids, the Miller function presents a minimum at a fluid
dependent reduced temperature TMr . Two interesting empirical
relations have been derived between the temperature, TM ¼
TMrTc, of the minimum and the normal boiling temperature, Tb,
and the critical temperature, Tc. Furthermore, we have shown that
the value of the minimum, hM, presents a linear correlation with
the Pitzer acentric factor, x. We have analyzed the Miller function
for the Ambrose-Walton vapor pressure equation. This equation
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allows one to obtain TMr and hM as functions of x. These functions
present fairly good agreement with the values obtained from Ref-
Prop 9.0. We show that the Miller function is more sensitive than
the vapor pressure equation for checking vapor pressure data. Fi-
nally, by using the renormalization group divergence for the sec-
ond derivative of the vapor pressure, we show that the Miller
function must present the same type of divergence. This behavior
is checked for the NIST fluids, finding that not all of them present
such divergence.
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